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Abstract: In this paper, we study the following semilinear Schrodinger equation 



1 -e 2 Au + u + V(x)u = f(u), ueH 1 ^), 

where N > 2 and e > is a small parameter. The function V is bounded in M. N , inf R w (1 + V(x)) > 
and it has a possibly degenerate isolated critical point. Under some conditions on /, we prove that as 
e — > 0, this equation has a solution which concentrates at the critical point of V. 
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(N ■ 1 Introduction and main result 

In this paper, we are concerned with the following semilinear Schrodinger equation 

^| - e 2 Au + u + V(x)u^ f(u), u e H\R N ), (1.1) 



where N > 2 and e > is a small parameter. The function / : K — > K satisfies 
(Pi)- / € C 1 (R) and there exist q e (2, 2*), 2 < pi < p 2 < 2* and a constant C > such that 



|/'(f)|<C(|i|*- a + |f|*»- a ) l t€M 

and for any L > 0, 

sup{|/'(<) - f(s)\/\t - s\i- 2 \t,se [-L, L],t^s}< oo, (1.2) 
where 2* = 2N/(N - 2) if N > 3 and 2* = oo if TV = 2; 
(F 2 ). there exists \x > 2 such that f(t)t > (j,F(t) >0,t^0, where F(t) = f* f{s)ds; 
(F3). f(t)/\t\ is an increasing function on K \ {0}; 
Remark 1.1. A typical function which satisfies (Fi) — (F 3 ) ;s 

m 

/(i) = ^a,|t| ft - 2 t 
i=l 

w/f/i 2 < j9i < • • • < f3 m < 2* and en > 0, 1 < i < m. 

*E-mail adress: chensw@amss.ac.cn (S. Chen), 
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The potential function V satisfies the following conditions: 
(V ). inf xeR jv(l + V(x)) > and max^gujv |V(x)| < oo; 
(Vj). V € C 2 (M. N ) has an isolated critical point xq such that 

V(x) = Q n ,(x - x ) + o(\x - x \ n ') 

in some neighborhood of xq, where n* > 2 is an even integer and Q n - is an n*- homogeneous 
polynomial in R N which satisfies that AQ„» > in or AQ n , < in R N and AQ n * ^ in 
R N . 



Remark 1.2. Without loss of generality, in what follows, we always assume that xq = 0. Typical examples 
forQ n , are ±\x\ n ' (n* > 2). 

Our main result of this paper is the following theorem 

Theorem 1.3. Suppose that f satisfies (Fi) — (F4) and V satisfies (Vo) and (Vj.). Then there exist 
eo > and a set K, whose elements are radially symmetric solutions of equation 

- Au + u = f(u), ue H l (R N ) (1.3) 

such that ifO<e<€o, then equation ( 11.11 ) has a solution u e satisfying that 

lim dist Y (v e ,K.) = 0, 

e— >0 

where v e (x) = u £ (ex), x E M. N and Y = H 1 ^). 

The analysis of the semilinear Schrodinger equation (II . lb has recently attracted a lot of attention due 
to its many applications in mathematical physics. 

If v is a solution of equation ( II. U . then v(ex) is a solution of the following equation 

- Am + u + V{ex)u = /(it), u e H 1 ^). (1.4) 

Equation ( ll.41 i is a perturbation of the limit equation (ll.3l l. If equation (11.3b has a solution w € C 2 (]R Ar ) 
satisfying the non-degeneracy condition: 



ker L = span j ^ | 1 < i < ivj , 



where Lo w = — At) + v — f'(uj)v, then in the celebrated paper fl] (see also 12), Ambrosetti, Badiale and 
Cingolani developed a kind of variational reduction method and showed that if the potential function V 
has a strictly local minimizer or maximizer xq, then equation ( 11.4b admits a solution u t which converges 
to oj(- — xq) in i/ 1 (M 7V ) as e — > 0. In their argument, the non-degeneracy property of uj plays essential 
role. Using the non-degeneracy condition and the reduction method, it was shown by Kang and Wei ll20l 
that, at a strict local maximum point xq of V and for any positive integer k, ( II. lb has a positive solution 
with k interacting bumps concentrating near xq, while at a non-degenerate local minimum point of V(x) 
such solutions do not exist. Moreover, under the assumption of the non-degeneracy condition, multiplicity 
of solutions with one bump has also been considered by Grossi fl6l . 

However, for a general nonlinearity /, it is very difficult to verify the non-degeneracy condition for a 
solution of dl.3l ). An effective method to attack problem dl.lb without using the non-degeneracy condition 
is variational method. In l2Tl . Rabinowitz used a global variational method to show the existence of least 
energy solutions for ( II. lb when e > is small, and the condition imposed on V is a global one, namely 

< inf (1 + V(x)) < liminffl + V(x)), 

xeR N |acj— >-oo 
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In Ifl2ll . |[T3l , Ifl4l . |[T5l and Q7J, Del Pino, Felmer and Gui used different variational methods to obtain 
nontrivial solution of ( 11.11 ) for small e > under local conditions which can be roughly described as 
follows: V is local Holder continuous on R w , 



Their methods involve the deformation of nonlinearity / and some prior estimates. Recently, Byeon, 
Jeanjean and Tanaka |5| [6| developed the variational methods and made great advance in problem (II . lb . 
Byeon and Jeanjean showed in [5 1 that if N > 3, V satisfies (11.5b and ( 11.61 with k = 1 and / satisfies 

(fi). / : K — > R is continuous and lim t ^ + f{t)/t = 0; 

(f2). there exists somep G (1, 2* — 1) such that linit^oo f(t)/t p < oo; 

(f 3 ). there exists T > such that ±mT 2 < F(T), where F(t) = j* f(s)ds and m = ini xeni V(x), 

then ( II . lb exists positive solution v e concentrating in the minimizers of V in f^i as e — » 0. And in (6), 
Byeon, Jeanjean and Tanaka considered the case AT = 1, 2 and obtained similar results. Their conditions 
on the nonlinearity / are almost optimal. Moreover, when V satisfies ( 11.5b and ( 11.6b with k > 1 and / 
satisfies (fi) — (fa), in [ 10|, Cingolani, Jeanjean and Secchi constructed multi -bump solutions for magnetic 
nonlinear Schtidinger equations which contain equation ( II. lb as a special case. 

Comparing to the variational methods mentioned above, the Lyapunov reduction method of Ambrosetti 
and Badiale, although it need the non-degeneracy condition, has its advantages that their method can be 
used to deal with elliptic equations involving critical Sobolev exponent (see, for example, |3 1) and other 
problems involving concentration compactness (see, for example, ifTSl ). 

In this paper, we indent to attack the problem ( II. lb though a Lyapunov reduction method, but avoiding 
the non-degeneracy condition for the solutions of limit equation ( 11.3b . In this paper, we develop a new 
reduction method for an isolated critical set K, of the functional corresponding to d 1 - 3b - This method can be 
regarded as a generalization of Ambrosetti and Badiale's method. The non-degeneracy conditions for the 
solutions in this critical set are no longer necessary and it does not involve the deformation of nonlinearity. 
By combination of the new reduction method and Conley index theory which was developed by Chang and 
Ghoussoub in (9l(see also 0), we obtain a solution of ( 11.4b in a neighborhood of JC for sufficiently small 
e > 0. Our method is new and it can be used to other problems which involve concentration compactness. 
In contrast with the results of Byeon, Jeanjean and Tanaka, although the assumptions we imposed on the 
nonlinearity / are much stronger, the assumptions we made on V seem weaker in a sense, because by the 
assumption (Vi), xq can be a local maximum point of V. 

This paper is organized as follows: In sectionlH we obtain a critical set of the functional corresponding 
to ( 11.31 ) with nontrivial Topology. In section[3]and section[4] a reduction for the function corresponding to 
(11.41 ) is developed. In section[5] we give the proof of Theorem ll.3l Section|6]and|7]are appendixes. 

Notations. R, Z and N denote the sets of real number, integer and positive integer respectively. Let E 
be a metric space. -Be (a, p) denotes the open ball in E centered at a and having radius p. The closure 
of a set A C E is denoted by A or cIe(A). dist£;(a, A) denotes the distance from the point a to the 
set A C E. By — > we denote the strong and by — the weak convergence. By kcr A denotes the null 
space of the operator A. If g is a C 2 functional defined on a Hilbert space H, Vg (or Dg) and V 2 g (or 
D 2 g) denote the gradient of g and the second derivative of g respectively. And for a, b £ R, we denote 
g a := {u e H | g(u) < a} and gi, := {u E H | g(u) > b} the sub- and super-level sets of the functional 
g, moreover, g% := {u g H \ b < g(u) < a}. 8ij denotes the Kronecker notation, i.e., &y = 1 if 
i = j and if i ^ j. For a Banach space E, denote C(E) the Banach space consisting of all bounded 
linear operator from E to E. If H is a Hilbert space and W is a closed subspace of H, we denote the 
orthogonal complement space of W in H by W 1 - . For a subset A C H, spanjyl} denotes the subspace of 
H generated by A. For a topology pair (A, B) in metric space, H*(A, B) denotes the Cech-Alexander- 
Spanier cohomology with coefficient group Z 2 (see ll23l ). 




(1.5) 



and there exists k disjoint bounded regions 0,%, ■ ■ ■ , f2& in R such that 

inf V(x) > inf V(x). 



(1-6) 
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2 Critical sets of limit functional with nontrivial Topology 

Throughout this paper, we denote the Sobolev space i/ 1 (K JV ) and the radially symmetric function space 

H$(R N ) := {u G H 1 (M N ) | u is radially symmetric} 
by Y and X respectively. The inner product of Y is 



(u, v) — / (VuVd + uv)dx, 
Jrn 

and we use 1 1 • 1 1 to denote the norm of Y corresponding to this inner product. Define 

I ( u ) = l [ {\Vu\ 2 + \u\ 2 )dx- I F(u)dx 7 ueX. 

2 Jrn Jrn 

J(u) = \f (\Vu\ 2 + \u\ 2 )dx- [ F{u)dx,ueY, 

2 Jrn J h n 

E e (u) = \ { (|Vu| 2 + \u\ 2 + V{ex)\u\ 2 )dx - f F(u)dx, u £ Y. 
2 Jrn Jrn 

For h G Jf -1 ^), let (- A + l)~ 1 h and (-A + 1 + Viex^h be the solutions of 

- Au + u^ h, ue H\R N ) (2.1) 

and 

-Au + u + V(ex)u = h,u£H 1 (R N ) (2.2) 

respectively. 

Under conditions (Fx) — (F3), I satisfies Palais-Smale condition (see, for example, [24]) and has a 
mountain pass geometry, that is, 

(i) 1(0) = 0, 

(ii) there exist po > and 5q > such that I(u) > 5q for all ||u|| = po- 

(iii) there exists uq G X such that ||tto|| > Po an d I(uo) < 0. 

Thus the following minimax value is well defined and is larger than 5q , 

c = inf max Ih(t)) (2.3) 
7erte[o,i] 

where 

r = { 7 GC([0,l],X)| 7 (0) = 0, J( 7 (1))<0}. (2.4) 

Lemma 2.1. For any a £ (0, So), if a G (c — er, c) goto? 6 G (c, c + er) are regular values of I, then 
7? 1 (/ b , I a ) ^ 0. 

Proof. Since b > c, by the definition of minimax value c, there exists 7 G T such that 

max Ih(t)) < b. (2.5) 
te[o,i] 

Let Mo = 7(1)- We infer that and «o lie in different connected component of I a . It follows that the 
homomorphism 

t* : H°{I a ) -> ff°({0, u }) S Z 2 © Z 2 

which is induced by the inclusion mapping t : {0, uq} 7° is a surjection. Consider the following 
homomorphism which is induced by the inclusion mapping j : {0, uq} I b , 

f :H o (I b )^H o ({0,u o }). 

By d2.51 >. and uo lie in the same connected component of I b . It follows that j* is not a surjection. 
Consider the following communicative diagram 
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H°(I b ) H°{I a ) ^H 1 ^,! 11 ) 




H°({0,u }) 

Since j* is not a surjection and l* is a surjection, by this communicative diagram, we deduce that 
Image(i*) 7^ H°(I a ). Moreover, by the property of exact sequence, we have Image(i*) = kera*. Thus 
kera* ^ H 1 ^). It follows that a* ^ 0. Therefore, i? 1 (/ b , I a ) ^ 0. □ 

From Chapter 4 of |24|, we have the following lemma 

Lemma 2.2. If VJ(it) = ant/ /(it) < 2c, f/ien u cfoes nof change sign in M. N . 

Let JF be a C 1 functional defined on a Hilbert space M with critical set AV- And let V be a pesudo- 
gradient vector field with respect to DF on M . A pesudo-gradient flow associated with V is the unique 
solution of the following ordinary differential equation in M : 

fj = —V(rj(x,t)), r](x,0) = x. 

A subset W of M is said to have the mean value property (for short (MVP)) if for any x € M and any 
to < t\ we have rj(x, [to,ti]) C W whenever rj(x, U) € W, i — 1,2. 

Definition 2.3. (Definition 1. 10 of $9}/) Let T be a C 1 functional on a Hilbert space M. A subset S of the 
critical set K of T is said to be a dynamically isolated critical set if there exist a closed neighborhood O 
of S and regular values a < b of J- such that 

ocr'M] (2.6) 

and 

cl(d)r)Kr)T- 1 [a,b}= S, (2.7) 
where O = lJ t6R ?7(0, t). (0, a, b) is called an isolating triplet for S. 

Definition 2.4. (Definition III.l of $9$) Let T be a C 1 functional on a Hilbet space M and let S be a 

subset of the critical set Kjr for T. A pair (W, W-) of subset is said to be a GM pair for S associated 
with a pesudo-gradient vector field V, if the following conditions hold: 

(1) . W is a closed (MVP) neighborhood of S satisfying W PI K — S and W D J- a = 0/or some a. 

(2) . W- is an exit set for W, i.e., for each xq € W and t\ > such that t](xo,ti) $ W, there exists 

to G [0, fi) such that i](xo, [0, to]) C W and r/(xo, to) € W-. 

(3) . W- is closed and is a union of a finite number of sub-manifolds that transversal to the flow rj. 
For a, j3 € K, define 

/Cf := {u G X I VJ(w) = 0, a < I(u) < /?}. 

Let a and b are the regular values which come from Lemma [2~T| Then by Definition ^. 41 ]C b a is a dynami- 
cally isolated critical set of /. By Lemma |2~T| and Theorem III. 3 of (9), we have the following lemma 

Lemma 2.5. Let a > be sufficiently small and a G (c — a, c), b G (c, c + a) be regular values of I. If 
(W, W-) is a GM pair ofJC b a associated with some pseudo-gradient vector field of I, then 

H X {W,W-) ^ 0. 
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Remark 2.6. In this remark, we shall show that the set of regular values of I is dense in K. Therefore, for 
any a > 0, there always exist regular values of I in (c — a, c) and (c, c + &). In fact, we shall show that 
1(C) is of first category, where C is the set of critical points of I. It suffices to prove that for any u G C, 
there exists 8 U > such that I(C fl Bx (u, 5 U )) does not contain interior points. 

Let meC. Since u is radially symmetric, the dimension of the kernel space of the following operator 
is at most one 

V 2 I(u) :X^X, heX^h- (-A + l) -1 /' 

If dim W 2 I(u) = 0, then by Morse Lemma (see, e.g., Lemma 4.1 offi?}/), there exists 5 U > such that 
u is the unique critical point of I in Bx{u, S u ). Thus, in this case, I(C fl Bx(u, S u )) — {I(u)}. 

If dim V 2 /(u) = 1, let N — kerW 2 I(u) and note that I is a C 2 functional, then by Lemma 1 of HI 91/ 
(see also Theorem 5.1 of f^), there exist an origin preserving C 1 diffeomorphism $ of some Bx(0,5 u ) 
into X and an an origin preserving C 1 map h defined in N n Bx(0, S u ) into X such that 

Io$(z,y) = I(u) + \\Pz\\ 2 - \\(id-P)z\\ 2 + I(h(y) + y) 

where P : N 1 - -> N 1 - is an orthogonal projection and N 1 - is the orthogonal complement of N in X. Let 
U = {y G N n Bx(0, 5 U ) | h(y) + y}. Then U is a C 1 one-dimensional manifold. Let us restrict I to U. 
Then I :U ->Ris C 1 . M oreover, CnB x (0, S u ) = Cf]U, so I(C fl Bx (0, 6 U )) = I(C fl U). Therefore, 
by classical Sard theorem, I(C fl Bx(0, 5 U )) does not contain interior points. 

For r > 0, A C X, let 

N r (A) := {v G X | dist x (t>, A) < r}. (2.8) 

Lemma 2.7. Let c be the mountain pass value coming from Lemma |2~T1 For any r > 0, there exists 
a r > such that if a G (c — <j r , c) and b G (c, c + cy) ore regular values of I, then there exists a GM pair 
(W, W-) of the critical set JC b a of the functional I associated with the negative gradient vector field of I 
such that W C N r (lC h a ). 

Proof. By (Fi ) — (F3), we know that / satisfies the Palais-Smale condition (see 11241 ). Therefore, for any 
r > 0, there exists n r > such that if a G (c — 1, c) and b G (c, c + 1), then 

||VJ(«)|| >«r, V W G/- 1 [a^]\^/3(^a)- (2-9) 

Let 

< a r < min{rK r /6, 1} (2.10) 
and a G (c — ay, c) and b G (c, c + ay) be regular values of /. For 

uel-^&JnJVr/a^), (2.11) 

consider the negative gradient flow: 

fi(t) = -VI(r,(t)), r/(0) = u. (2.12) 

Let 

T+ = sup{f > I for every s G [0,t], I(r/(s)) > a} 

and 

TV = inf {* < I for every s G [t, 0], i"(r?(s)) < 6}. 

Let 

c/= |J { J/ (t,«)|«e/- 1 [a,6]nJV r/s (/c»)}. 

t6[T,r,T+] 
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Then 

K\ c u, 

where 

K] = {vex\ U ( V ) u w » g 

= rit>o?7(«, [*) + 00 )) i s the w— limit set of i? and uj*(v) = Dt>ov( v i ( — °°i — ^]) i s the lj*— limit set 

of u. 

By (9l Proposition III.2], we deduce that there exists a GM pair (W, W-) of K h a such that W C U. 
Thus, to prove this Lemma, it suffices to prove that if a r > is small enough, then for u which satisfies 
dUD, 

2 

sup ||t?(*) - u\\ < -v. (2.13) 
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Since their arguments are similar, we only give the proof for 



2 

sup \\r)(t) -u\\ < -r. (2.14) 
te[o,r,+ 



r,+ N 3 



If (12.141 1 were not true, then there exist < t\ < t 2 < T+ such that 

r/3 < \\r)(t) - u\\ < 2r/3, Vt E [ti,t 2 ] 

Wriih) - u\\ = r/3, ||»;(t 2 ) - u|| - 2r/3. (2.15) 

According to ( 12.9) , we have 

6-a> iMh)) - I(r,(t 2 )) 

~(VI( V (t)),r,(t))dt = f 2 \\WI( V (t))\\ 2 dt > n 2 r (t 2 - tx). 



It follows that 

t 2 -h< {b-a)/i4. (2.16) 

Combining ( 12.15b and (12.161 1 leads to 



I < \\v(t2)-v(h)\\< ! mm 



< (h - hf'\ t \\m\\ 2 ) 112 = (* 2 - tt) 1/2 ( f uw(ic*»]i a ) 1/a 

< (h - h) 1/2 {b- a) 1/2 < (b-a)/K r < 2a r /n r . 

It contradicts dSTTOb . Thus, d214) holds. □ 

3 A variational reduction for the limiting functional / 

Let a > be sufficiently small and a E (c — cr, c), b E (c, c + er) be regular values of /, where c is defined 
by ( 12.3) . In what follows, for the sake of simplicity, we denote the critical set K? a by JC. 
By 101, if u E Y is a weak solution of 

- Au + u= f(u), (3.1) 

then u and J^- , 1 < i < AT satisfy exponential decay at infinity. As a consequence, K. is a compact subset 
of W 2 ' 2 (R JV ). If u G Y is a solution of equation (131) . then ^,i = l,---,N are the eigenfunctions for 
the eigenvalue problem 

- Ah + h = f {u)h. (3.2) 
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Remark 3.1. By [22, Theorem C. 3.4]), any eigenfunction of the eigenvalue problem ( 13. 2D satisfies expo- 
nential decay at infinity. 

The argument in IfTTl Page 970-971] implies the following Lemma. 

Lemma 3.2. Suppose that u G X is a solution of equation ( 13.11 ) and it does not change sign in WL N . If 
V G Y is a solution of ( 13.21 ) and satisfies 

du \ 

v, — ) =0, i = !,••-, N, 



dxi _ 
then v iE X. 

Remark 3.3. By Lemma ^22\ we infer that ifu G JC, then u does not change sign in K . 

As it has been mentioned above, JC is a compact subset in W 2,2 (R N ). Thus for any u G JC and any 
<^ > 0, there exists r„ > such that 

N dv du 

Q^-Q^r: <s,Vv€JCnB x (u,2 Tu ). (3.3) 

3=1 3 J 

Therefore, we can choose a finite open sub-covering of JC 

A = {B x ( Ui ,T Ui )\i = l,---,s} (3.4) 

from the open covering {B x {u, t u ) \ u G /C}. Let C G C°°([0, +00)) be such that < C(*) < 1 for all t, 
C{t) = 1 for t G [0, 1/2] and ({t) = for t G [1, 00). Let 

j± / \ C(\ \u — uA \/t u . ) 

Ei=iC(]|«- Wi||/r„ 4 ) 

Then | 1 < i < s} is a C°° partition of unity corresponding to the covering A. 
For u G JC, let 

y„ := {h G X I V 2 I{u)h = 0}, Z u := span{— | 1 < i < N}. 



Let 

y = span{U| =1 y„ i }. (3.5) 

Let 

q = dimy. (3.6) 

Let {ei, e2, • • • , e q } be an orthogonal normal base of y. As mentioned in Remark [3~T1 for every 
1 < n < q, e n G Wj?' 2 (]R ) and e„ satisfies exponential decay at infinity. 

Let {e' l7 eJ, • • •} be an orthogonal normal base of y , where is the orthogonal complement space 
of ^ in X. From the appendix A of this paper, for every k G N, there exists 

£fc := {£,-,* I 1 < j < k}, (3.7) 

such that 

(i) For every k, E k C X n W 2 ' 2 (R N ) and E k ±y; 

(ii) Every e.j k satisfies exponential decay at infinity, (ej^, if k) = $j j' an d 

sup Hej.fe-e'H < l/2 fe . 

l<j<k 
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For every k, denote 

X k := s,v&n{E k }®y. 

Let P k : X — > X k and P^ : X — > Xjjr be the orthogonal projections, where X^ is the orthogonal 
complement space of X k in X. By the definition of X k and the properties (i) and (ii) mentioned above, 
we have the following Lemma which is easy to prove. 

Lemma 3.4. For every h G X, lim^oo \ \h — Pkh\\ = lim^oo ||-P^/i|| = 0. 

Lemma 3.5. For any r > 0, there exists l r G N such that if h > l r , then for every v G N r QC), 
P k L \7 2 I(v)\ x ± is invertible and 

ll(^V 2 /( U )| X; ,)- 1 || W) <2. 

Proof. For w G X^, 

P k ^\7 2 I{v)w = w- P k (-A + l)- x /'(v)«;. 
Denote the operator w i-> Fjf (— A + l) -1 /'(v)u> by A^.. If we can prove that 

limsupsuplll^fell^-L) | v e N r (K)} = 0, (3.8) 

k— >oc 

then the conclusion of this Lemma follows. If (13.8b were not true, we can choose v k G N r (K) and 
Wfe G with ||wfe|| = 1, fc = 1, 2, • • • , such that 

limsup HA^fcWfcH > 0. (3.9) 

k— >oo 

Without loss of generality, we assume that v k ^ vq in X and Wk — x wo in X as k — > oo. Since for any 
2 < p < 2*, X can be compactly embedded into the radially symmetric LP space (see, for example, l24l 
Corollary 1.26]) 

L p r (R N ) := {u G L P (R N ) \ u is radially symmetric}, 
combining the condition (Fi), we can get that 

lim sup{ f \f'(v k )w k h - f'(v )w h\ | h G X, \\h\ | < 1} = 0. 

It follows that 

lim ||(-A + lJ-^/'fwfcJwfc - /'(«o)itfo)|| = 0. (3.10) 

By d3.10t and Lemma [3~4l we deduce that lim^oo ||Au fei fcU>fc|| = 0. But this contradicts ( 13. 9i . □ 

For u G K, denote X k © Z u by W u . k and let W^ k be the orthogonal complement space of W Ut k in F. 
Let P\v u . k '■ y — > W Ui ,k an d P-w 1 - ■ y ~~ ^ ^t- k b e tne orthogonal projections. 

Lemma 3.6. Suppose that n :— max{r Ui | 1 < i < s} is sufficiently small, where r Ui comes from ( 13.4I ). 
Then there exist C > anc/ i K G N such that if k > l K and v G Bx (uj, T Ui ) /or iome 1 < i < s, then 
P\Y± S7 2 J(v)\ w ± is invertible and 

\\(P w x fc V 2 J(«)|^ J-'Waw^) < C (3.11) 
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Proof. We note that for w £ Wj: k , 

P w x W 2 J{v)w = w-P w ± (-A + 1)" 1 /' 

Since for any p £ [2, 2*), X can be compactly embedded into the radially symmetric LP space, by the 
condition (Pi), we deduce that w H> Py^x (— A + /' (v)w is a compact operator. It follows that 

Pw± k V 2 J(v)\ w ± fc is a Fredholm operator with index zero. Therefore, if we can prove that there exists 
C > which is independent of k such that, for sufficiently large k, 

1 

C 



then the conclusion of this Lemma follows. 

Without loss of generality, we assume that m = u\ and for the sake of simplicity, we denote the 
operator P w ± V 2 J(v)\ w ± by LL V k . If such C > does not exist, then there exist sequences {t„, }, 

ui ,fc u\ ,k 1 

•jvfc} C X and {w k } C F such that r£ ->■ as k -> oo, u fc G Bx(ui,t^), w k £ W^ i k , \\w k \\ = 1, 
fc = 1,2, • • • and 

lim ||^ fc ,feWfc|| =0. (3.12) 

Passing to a subsequence, we may assume that w k — 1 wo m F as fc — > oo. By t~J — > as fc — > oo and the 
assumption that {v k } C Bx(ui, r„ ), we get that 

lim ||« fc -ui||=0. (3.13) 

By Wfc G k and — v wo in F, we get that wq-LX © Z Ul . Combining the condition (Fi), (13.13b 
and the fact that w k — u>o in F leads to 

lim ||(-A + l) _1 (/'K)w fc - /'(«i)ti>fc)ll = ( 3 - 14 ) 

k— >oo 

and 

lim ||(-A + lr^/VH - = 0. (3.15) 

By (13.15b and (13.14b , we get that 

lim ||(-A + 1)- X (/'K)^ - /'(«i)u>o)|| = 0. (3.16) 

A;— >oo 

By Lemma WM we deduce that 

lim \\P w x h-P {xmZn ) ±h\\=0,Vh£Y, (3.17) 

fc->oo "1." v 1 ' 

where P(x©2 ui ) x : F — > (X Z Uj ) x is the orthogonal projection. By ( 13.16b and ( 13.17b , we get that 
lim 

k 

By definition, 

H Vktk w k = w k - P w ± (-A + l)-7'(i; fc )u> fc . (3.19) 

By (13.18b and the assumption lim^oo ||P^ fcl /cU>/c|| = 0, we deduce that {w k } is compact in F. Therefore, 
I \w k — Wq\\ — > as k — > oo. It follows that | \wq \\ = 1, since ||iWfc|| = 1 for every k. 

Sending k into infinity in the equality ( 13.19b , by w £ (X © Z u ) x , (13.12b and (13.18b , we get that 



, ' ff x ((-A + 1)-7'(^)^) - W )i((-A + 1)- 1 /'^)^)!! = 0. (3.18) 



P 



(xe^j^K - (-A + l)-7'KVo) = 0. (3.20) 
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By wq-LX and u\ G X, we have 

(wo - (-A + 1)- 1 /' (ui)w ,h) 
= («j o ,/i)-((-A + l)- 1 /'(«i)Mo)=0,V/ieX (3.21) 

Since for any h G Z U1 , 

/ l -(-A + l)- 1 /'(«i)^ = 0, 

we get that 

= (h- (-A + l)-V(ui)/i,«;o) =0, Vfte Z U1 . (3.22) 
By (E2D and d3~22l , we get that 

Pxez^ (w - (-A + irVWo) - 0. (3.23) 
By (l3~20t and (l3~23l , we obtain 

t«b - (-A + lrWH = 0, 

that is, wo is an eigenfunction of d3.2t with u = U\ G K. But w satisfies wq-LX © Z U1 and ||u>o|| = 1- 
This contradicts Lemma |3~2l □ 



Fort; G U s i=1 B x (ui,T Uz ), let 

S 

dx 



% = span{^ I 1 < j < N}. (3.24) 



i=i 

The space Xk 7^ is denoted by Let Pgj. : Y —> E^ k be the orthogonal projection. 

Lemma 3.7. Suppose that k = max{r Ui | 1 < i < s} is sufficiently small. Then there exist C > 
and l K £ N such that if k > i re , then for every v G Uf =1 i?x(ui, r Mi ), the operator P E ± ^W 2 J (v)\ E ± is 
invertible and 

\\V> B xV 3 J(v)\ E ±X l \\c{E$ ih ) < C (3.25) 

Proof. As the proof of Lemma l3~6l it suffices to prove that there exists C" > which is independent of k 
such that, for sufficiently large k, 

\\P Et V 2 J(v)w\\ c(Etk) > ilHI, V™ G ££ fc , Vu g Ul^Bx^i,^). (3.26) 

Without loss of generality, we assume that v G B(ui, t u ). Let : Y — * -X"k an d -Pr t , : Y ~ ► %i t> e 
orthogonal projections. For h G Y, 

P E ±h = h- P Xk h - P % h, (3.27) 

and 

j=l i=l II 2^=1 SaW 8^ 1 1 

Since {£j | 1 < i < s} is a partition of unity, we get that for every 1 < j < N, 

11^-2.6(^11 = Il2.6(*)tej-2.6(«)fejll 

J i=1 J i = l J i=l J 



i=l ' i=l J i=l 

, 0Ul 9tt 

Cj dx 



i=l 
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If £.i( v ) 7^ 0, men v £ Bx(ui,r Ui ). Combining the assumption v £ P>x(ui,t Ui ), we get that u\ £ 
Bx(ui, 2r Ui ) n JC. Therefore, by ( 13.31 ), we deduce that 

Combining d3~29l l and (13301 1 leads to 

11^ -EmJ^II every i<i<Jv- (3-3D 

ra,- ' ox a 
Thus, there exists C > which is independent of such that 

\\P Tv h- P Zui h\\ <Cs\\h\\, VhEY, (3.32) 

where 

i=i J 

is orthogonal projection. By ( 13.271 ) and ( 13.321 ). we have 

\\P E x k h-P w x h h\\<Cs\\h\\,Vh€Y. (3.33) 

For w £ E^ k , we have 

\\P E ±V 2 J(v)w\\ (3.34) 

> \\P w ^V 2 J(v)w\\ - \\(P Kk -P w x k )V 2 J(v)w\\ 

> \\P w x V 2 J(v)w\\ - C\\\W 2 J(v)\\ c{Y) \\w\\ (by (E33J)) 

> ||P w x V 2 J{v){w - P z „ lU ;)|| - ||P w x V 2 J{v)(P z ^w)\\ - C^\\V 2 J{v)\\ c(Y) \\w\\ 

> C\\w - P Zui w\\ - \\V 2 J(v)\\ ciY) \\P Zux w\\ 
-C^\V 2 J{v)\\ c(Y) \\w\ \ (by w - P Zu w£W,t uk and &n§) 

> C\\w\\ - (C+\\V 2 J(v)\\ c(Y) )\\P Zu w\\ - C,\\V 2 J(v)\\ c(Y) \\w\\ 
= C\\w\\ - (C+\\V 2 J(v)\\ c(Y) )\\P % w - P Zui w\\ 

-Cq\\W % J{v)\\ c{Y) \\w\\ (since P Tv w = 0) 

> C|M| - ,C(C + ||V 2 J( V )|| £(Y) )|MI - C,\\V 2 J(v)\\ c{Y) \\w\\. (by (£32}) 

It follows that if k > is sufficiently small, then there exist l K £ N and C > such that for every k > l K , 
holds. □ 

Recall that X k is the orthogonal complement space of Xf. in X and P^ : X —> X k , Pjf : X — > 
are orthogonal projections. Let 

A/"a, T , fc :={u + i>el|!ielfc, disi x (u, Pfe/C) < 5, t> e x£, \\v\\ < t}, 

where P^JC = {Ptv \ v £ JC}. By Lemma l3~4l and the fact that JC is a compact subset of X, we get that as 
k — >• oo, the Hausdorff distance of /C and Pfc/C, 

sup distx(w, /C) + sup distx(w, Pfc/C) — > 0. (3.35) 
uePtfc «e/c 

Thus, for any 5 > 0, r > and < r < min{5, r}, if k is sufficiently large, then 

N r (JC) C Ms, T ,k, (3.36) 
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where N r (lC) comes from ( |2.8t . And for any r > 0, if S, r € (0, r/2), then for sufficiently large fc, 

7V 5)T , fc C A r (/C). (3.37) 

Let 

AV := e X k | dist x («, Pfc/C) < 5}. (3.38) 
Lemma 3.8. If 6 > is sufficient small and k is sufficiently large, then there exists a C 1 —mapping 

TTfe : N"s,k — > X k , 

satisfying 

(i) (VI(v + n k (v)), ( f>)=0,^eX k L ; 

(ii) limfe^oo sup{||7r fc (w)|| | v £ Afs,k} = 0; 

(iii) lim^oo snp{\\DTT k (v)h\\ \ v € Af s ,k, h £ X fc , = 1} = 0; 

(iv) If v is a critical point of I(v + 7T k (v)), then v + Tr k (v) is a critical point of I. 
Proof. By Lemma |3~5l if r > is small enough, then the operator 

L v , k := P fe x V 2 7(i;)| x x : X£ -> X£ 

is invertible and if fc > l K , 

\\L^ k \\c(x£)<2,Vv£N r (lC). (3.39) 

Assume that < 5 < r, by (13.37b . if fc is large enough, then JVs.k C N r (]C). 
For p > and v 6 A/j,ki define 

tt„, fc : B Xj L(0,p) -> X fe x , «; ^ «; - L^ k PjtVI(v + w). 

For any iu, S B x x (0, p), i = 1, 2, by the definition of L Vjk , we have w 2 — w\ — L~ 1 k P k L V 2 I(v)(w 2 — 
W%) = 0. Therefore, 

\\^v,kM - *«,fc(^OII 

= ||l(;2-Wi- L-^V 2 I(V + 0W 2 + (1 - 9) WI )(W2 -wx)\\ 

(by the mean value theorem, < 6 = 6(x) < 1) 

< \\ W2 - Wl - L~lP^ 2 I{v){w 2 - vn)\\ 

M\Kl p k ± {^ 2 i{v + 0w 2 + (i - e) Wl ) - ^i(v))(w 2 - Wl )\\ 

= \\L-?kPk(V 2 I(v + 0w 2 + (1 - 6) Wl ) - V 2 I(v))(w 2 - Wl )\\ 

< 2\\(W 2 I(v + 9w 2 + (1 - 9)w x )- V 2 I(v))(w? -wi)\\ (by (13391). (3.40) 

Since I £ C 2 (X, R) and /C is compact in X, if <5 and p are small enough, then for any v £ A/$,fc and 

\\V 2 I(v + w)-V 2 I(v)\\ c(x) < 1/4. 
Thus, by ( 13.401 i. we get that for any w; G Byi (0, p), i = 1, 2, 

fc 

||^,feK) - *<,,k(u>i)|| < -||toa - (3.41) 
If 6 > is small enough and fc is large enough, then for every v £ Afs,k> 

||*„,*(0)|| <p/2. 
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Then by ( 13.411 ), we get that for every w £ B x ± (0, p), 

ll^.fcHII < ||*«,fc(«0 - *«,fc(0)|| + ||*«,fc(0)|| < P- (3.42) 



By ( 13.411 ) and (13.421 ). S!? v k is a contractive mapping in £? X i (0, p) if (5 and p are small enough and k is 
large enough. Thus, by Banach fixed point theorem, there exists unique fixed point irk( v ) £ B x ± (0, p). 
It is easy to verify that % k is a C 1 — mapping and it satisfies the result (i). 

Now, we give the proof of (ii). By P£- WI(v + ir k (v)) — and n k (v) £ Xt, we get that 

= (\7I(v + TT k (v)),TT k {v)) 

= IK»H 2 -/ f(v + n k (v))-n k (v). (3.43) 

JR N 

By Lemma [3~4l we deduce that for any sequence {v k } with v k G A^fe, 7rfe(ufc) — 1 in X as fc — » 00. 
Combining the compact embedding X i^M^), we obtain 

lim / |/(Ufe + 7Tfc(vfc))| • \TTk(vk)\ = 0. 

It follows that 

lim sup{ / f(v + n k (v)) ■ n k (v) I v £ Afs.k} = 0. (3.44) 

fe^OO J R N 

The conclusion (ii) follows from d3.43t and ( 13.441 ). 

Differentiating equation P^-WI(v + Tr k ( v )) — for the variable v in the direction h £ X k , we get that 

D7r fe (?;)/i - P fe x (-A + l)- x /'(« + + DTr k (v)h) = 0. (3.45) 

Note that Dir k (v)h £ XjK By ( 13.391 ), (13.45b and lim^oo ||7r fe (u)|| = 0, we get that if is large enough, 
then 

~\\DTr k (v)h\\ < WDTrkivJh-P^i-A + l^fiv + TTkiv^DnkivM (3.46) 
= WP^i-A + iyifiv + nkivMl 
It follows that for sufficiently large k, 

su V {\\Dn k (v)h\\ I v G A/" 5jfe , h G X fc , < 1} < 00. (3.47) 

By ( 13.451 ). we get that 

\\D7r k (v)h\\ 2 = / f(v + n k (v))-(h + DTr k (v)h)-Dn k (v)h. (3.48) 
( 13.471 ) and the same argument as ( 13.441 ) yield 

lim sup{ / f'(v + n k {v)) ■ (h + Dn k {v)h) ■ Dn k (v)h \ v € Af s , k , h G X k , \\h\\ < 1} = 0. 

Combining ( 13.481 ). we get the conclusion (iii). 
By (iii), if k is sufficiently large, then 

{h + Dir k (v)h I h £ X k } + Xi = X. 

Combining the result (i), we get that if vo is a critical point of I(v + n k («)), then vq + Tr k (vq) is a critical 
point of /. □ 
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Remark 3.9. By (ii) and (iv) of Lemma \3. 81 Afs,r,k is a neighborhood of JC if 

T > SU P {||7T fe (u)|| | V G Afs.k}- 

Lemma 3.10. LetX k (u) = ^\\P k u\\ 2 + I(P k u + ir k {P k u)). Then 

Hm \\l k - /|| CI (X^)=°- 

Proof. By definition, we have 

1 - 1 ' F(P k u + n k (P k u)). 



I k (u) = ±\\u\\ 2 + ±\\ir k (P k u)\\ a 



For any sequence {u k } with it/,; e Ms, T ,k, by the mean value theorem, we get that 

F(P k u k + ir k (P k u k )) - F(u k ) = C,(u kl 0)(P k u k + ir k (P k u k ) - u k ) 

= C,{u ki e)(Ti k (P k u k ) - P k u k ) 

where 

C(u fc , 9) = f'(0P k u k + 9w k (P k u k ) + (1 - 0)u k ) 
with < 0{x) < 1, x G R^. Then we have 

|C(«fc,«)|-K*(flfc«fc)--f^«*l- 



F(P fc u fc + 7r fc (P fe u fc )) - F(u fc ) 
By (ii) of Lemma l3~8l we get that for every 2 < p < 2 



By Lemma l3T4l we have 



lim / \TT k (P k u k )\ p =0. 



P^Wfc in X. 



Since X can be compactly embedded into Lf.(R ), by ( I3.521 i. we get that for every 2 < p < 

lim / \P^u k f = 0. 



By d330t . (I33B . (13331 and the condition (Fi), we obtain 



lim 

k— ►oo 



F(P fc u fc + 7r fe (P fe u fc )) - P(rifc) 



0. 



Thus 

lim sup{ / F(P k u + n k (P k u)) - F(u) \ u € M s , r ,k} = 0. 

fc^oo J RN 

By (ii) of Lemma [3781 and (13.54b . we get that 



lim ||Z fc - 7|U 



0. 



For /i € X, 

{Vl k {u),h) = (u,h) + {ir k {P k u) 1 Dn k {P k u){P k h)) 

f{P k u + ir k {P k u)) ■ (P k h + DTT k {P k u)(P k h)). 

By (iii) of Lemma [3~8l and the same argument as above, we can get that 

lim sup{(VZ fc (u) - VI(u),h) | u € JJs^k, \\h\ \ < 1} = 0. 

fc— >oo 

The result of this Lemma follows from (|3.55l l and (|3.56l l. 
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Remark 3.11. For r > 0, let a £ (0, cr r / 2 ), where cr r / 2 comes from Lemma |Z7l anc/ Zef a G (c — er, c), 
6 € (c, c + er) foe regular values of I, where c comes from ( 12.31 ). By Lemma [277] f/iere erafs a GM pa/r 
(T^, of JC h a associated with some pseudo-gradient vector field of I such that W C N r / 2 (K<a)- By 
( 13.361 ), ifO < r < min{(5, r}, then N r (fC) C Afs, T ,k ifk is sufficiently large. Denote the critical set of Ik 
in Afs,r,k by K. k . By (i) and (iv) of Lemma 13. 81 we deduce that JC k = Pk^ h a - Then by ( 13.351 ), /C^ C int W 
if k is large enough. By [9 Theorem 111.4 ] and Lemma Yb. 101 we infer that for sufficiently large k, (W, W_ ) 
is also a GM pair ofX k for K, k associated with some pseudo-gradient vector filed ofX k ■ 

For v £ Ns.k, denote I(v + ir k (v)) by gk{v). And denote the critical set of g k in W by lC k . By (i) and 
(iv) of Lemma Xh. 81 we deduce that JCk = PktC^ = A^fe. Lef (Wk, W k ) be a GM pair of gk for ICk- Note 
that for u = w + v £ Ns.r.k with w £ X k , v £ Xk, X k (u) = 5IMI 2 + 9k{v). By shifting theorem (see 
Lemma 5.1 of [7]), we have 

m(W k ,W k ) = H"(W, W-), q = 0, 1, 2, • • • . 

Combining Lemma f23\ we get that, for sufficiently large k, 

H 1 (W k ,W k ~)=H 1 (W,W-)^0. (3.57) 



4 A variational reduction for the functional E e 

For v £ \Jf =1 Bx(ui, r Ui ) and y £ M. N , denote the space 

{C(--y)ICex fc }eT K (--y) 



by T V:V: k, where T v comes from d3.24l i. Denote the orthogonal complemental space of T v>Vik in Y by 

■M s ,k = X k | dist x (tt, PkK.) < S}. 



"'Recall that (see (EH)) 



For v £ Ms,k, define 

Lv,y,e,k '■ Py,y,k ~~ ^ ^v,y,k 

by 

w € T$ yik ^w- S v , y , k (-A + 1 + V{ex))-\f'{v{- - y))w) (4.1) 

where S v . y . k : Y — ► T^ y k is orthogonal projection and the operator (—A + 1 + V(ex))^ 1 is defined by 
(El- 

Lemma 4.1. Given R > 0, there exist So > 0, eo > 0, /* > and C > which are independent of k , 
SMc/i f/iaf if k > I*, < 5 < So and < e < eo, then for any v £ Afs,k and y £ B^n(0, R), L Vt y t€tk is 
invertible and 

\\L v , v ,e, k w\\ > C\\w\\, y\y\ <R,Vw£ T^ y>k . (4.2) 

Proof. Suppose k = max{r Ui | 1 < i < s} is small enough such that Lemma [3~7l holds . By (13. 37k for 
sufficiently small So > 0, there exists l' K > such that Afs 0tk C U|_ 1 Sx(ui,i" lli ) if fc > ZJ.. Note that 
£u,o,o,fc is exactly the operator P E x V 2 J(v)\ E ± which has been defined in Lemma [3771 and for every 

Lv, y ,o,kW = L Vt0t o, k w(- - y). 
Thus, by Lemma 13771 there exists C > such that if fc > Z* := max{Z K , Z^}, then for any v £ Afs 0lk , 

11^,0,^11 > C'\\w\\, V\y\ <R,Vw£ T v \ k , 
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where l K is the constant comes from Lemma [X71 Therefore, to prove ( |4.2| i, it suffices to prove that 

lim sup \ \\L v y e kW — Lv y Q kwW \ w £ fc , ||tu|| < 1, (4.3) 
v e 7V^7, y e B H »(o,i?), fc > r } = o. 



If we can prove that for any given sequences {fc n } C N, {e n } C (0,+oo), {y n } C £?rn(0, i?), 
{tj„} and {w n } which satisfy that e„ — > as n — > oo, u„ G Afs ,k n , w n € fe and ||w„|| < 1, 

n = l,2,---, 

lim ||£t,„, y „, e „,fc„w„ - it;„,a„,o,fe„w„|| = 0, (4.4) 

n— too 

then (14. 3t holds. We only give the proof of ( 14.4| > in the case k n — > oo, n — > oo, since the proofs in other 
cases are similar. Without loss of generality, we assume that {k n } is exactly the sequence {k} and we 
shall denote e„, y n , v n and w n by e k , y^, and u>fc respectively, k = 1, 2, • • • . 

Passing to a subsequence, we may assume that as k — > oo, y k — > yo, v k — «o in X and w k — 1 wo in 

y. 

Let 

% = (-A + 1 + VfaaOrWifcO - 2/fe)K)- 
It is easy to verify that {r/ k } is bounded in Y and 

Vk = (-A + - yOJ^fc) - (-A + I)" V(e fe )?7 fc . (4.5) 

Passing to a subsequence, we may assume that r\ k — ?7o in Y - as fc — > oo. 
By definition of L Vt y tCtk and (14. 5K we get that 

L Vk , Vk ,e,kW - L Vkt y ht0 , k w = S Vk , yk , k (-A + l) _1 F(e fc a;)?7 fe . (4.6) 

The condition (Vi) implies that V(0) = 0. It follows that for any h e Y, 



lim / V(e k aj)»7fc^ = 0. (4.7) 

k^oo J R N 

Since 77^ is a weak solution of the equation: 

- Ar] k + % + F(e fe a;)?7 fe = />/.(• - y k ))w k , (4.8) 
by (14.7b . y k — > yo, r\ k — 770 an d "^fc — 1 in Y> we get that 770 is a weak solution of the equation: 

- Aryo + r)o = f'(v (' - Vo))wq. (4.9) 

From ( |4.8l l and ( |4.9l l, we obtain 

~A(r] k - 770) + (% - ryo) + V r (e fc x)(?7fe - 770) 
= (f'(v k {- - y k ))w k - f'(v (- - yo))w Q ) - V(e k x)ri Q . 

Multiplying the above equation by r/ k — i] and integrating, we get that there exists a constant C > such 
that 

C\\vk-Vo\\ 2 

< \\Vk-Vo\\ 2 + V(e k x)(r] k - r) ) 2 (by the condition (V )) 
(/'(«*(■ - yfc))wfc - /'(wo(- - yo))w - V A (e fc a;)?7o) • - r? ) 

< / f'(v k (- - y k ))w k - f'(v Q (- - y Q ))w • \f)k - Vo\ 



+ (/ ^(efcz)T7o) 5 -Ik-TTolU^R")- (4.10) 
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Since v k vq in X and y^ —> yo as k — >• oo, by the fact that X can be compactly embedding into 
LP(R N ) (VjJ G [2, 2*)), we get that 



lim ||w fc (- - y fe ) - u (. - y )||Lp(R«) = 0, Vp G [2,2*). 



By d4. lib and the condition (Fi), we get that 



lim 

k— yoo 

By filOt . d4l2l and 
we get that 

( |4~T3T > and d47T4l > yield 
It follows that 



f'(vk(- ~ Vk))w k - f'(v (- - y ))w ■ \f] k - 770 1 = 



lim / V*(e*a0»7§ = 0, 



lim \\r) k — T7o 1 1 = 0. 

k— >oo 



lim / V 2 {e k x)4 = 0, 



lim \\{-A + l)- 1 V(e k x)r 1k \\=0. 

k—>oo 



(4.11) 

(4.12) 

(4.13) 
(4.14) 

(4.15) 

(4.16) 



Combining (14. 16b and ( 1431 ) leads to ( f4~4T >. 

Finally, by definition, L VtV ^ k is a Fredholm operator with index zero and by ( 14.21 i. it is an injection. 
Therefore, it is invertible. □ 

Theorem 4.2. Given R > 0. 77iere eja'sf <5* > ant/ e* > such that if0<5< S* and < e < e*, then 
there exist k{S) and a C 1 —mapping 

w 5ik {-,-,e) : Ns,k x B r n(0,R) -t Y, (u,y) M> wg, k (u,y,e) 

for k > fc(<5), satisfying 

(i) twj.fcCu, y, e) G T^ y k , V(u, y) G TVZI x S R «(0,i?); 

(ii) (VB e (u(--»)+«;j ifc (u,i/ 1 e)) J ^) = O,V0eT4 )fc ; 

(iii) w s ,h(u,y,0) = (7r fc («))(• - y), V(u,y) G TV^fc x Br* (0, .ft); 

(iv) /or any r > 0, fnere exists 5 r > smc/z fnaf i/O < <5 < 5 r , u G A/^fc> y G -Br« (0, ft) ana" A: > fc(<5), 
/«en ||w^ fe (M, y, e)|| < r; 

(v) /or any n > 0, 

sup{||(l + |aj|) n tfltf jfc («, y, e)||ioo (EJV) | (u, y) G 7V^ x ft RN (0,ft), < e < e*} 

< 00. (4.17) 

Proof. By Lemma [4T1 we know that for any R > 0, L uy e k is invertible if < (5 < <5o, < e < eo and 
k> I*. Moreover, the upper bound of \\L~ e k \ \ is independent of u, y, e and k. For u G A/^t and r > 0, 
let ' ' ' 

'i'..../.../. : I'r * /,,,./.• 

W to - L u]y,e,k^y;y,k^ E e (u{- - y) + w). 
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Now, we show that if r, S and e are small enough and k is large enough, then for any u G Ns,k, &u 
is a contractive mapping in B T ± (0, r) . 



Using 



VE e (u(--y) + w) 
= u(- -y)+w- (-A + 1 + V{ex))- l f{u{- -y) + w) 



and the mean value theorem, we get that for any wi,w 2 G B T ±_ ^(Q,r), $ u ,y.£.k(wi) — ^ u . y . e .k{w 2 ) 
equals 

(wi - w 2 ) - K!y^k S u,v,k[(wi - w 2 ) 

-(-A + 1 + V{ex))-\f{u{- - y) + w) ■ ( Wl - w 2 ))} 

= (wi - w 2 ) ~ L-* y e k S Ut y tk {(wi - w 2 ) 

-(-A + 1 + V{ex))- l f'{u{- - y))(wx - w 2 ) 

-(-A + 1 + V{ex))- l U\u{- -y)+w)- /'(«(■ - y))){wi - w 2 )} (4.18) 

where w — 9wi + (1 — 8)w 2 for some < 6 < 1. By the condition (Fi), we can prove that 

lim sup{||(-A + 1 + Viex^if'iui- -y)+w)- f'(u(- - y)))<p\\ (4.19) 

I u G 7V^, |y| < R, <p G y, ll^ll < 1, < e < e } = 0. 

W-^u \ e k\\c{Y) < 1/C (see Lemma l4.1l ). | |S , tliJ , i fc| \c(Y) < 1 an d ( 14.19b . we deduce that if r is small 
enough, then 

H^l^^^-A + 1 + UMr^/'M- -y)+w)- /'(«(• - y)))K - i02)|| (4.20) 

< i||(-A + 1 + VM)- 1 (/'(«(■ - j,) + tS) - /'(«(• - y)))( Wl - w 2 )|| 
1,. 

< -\\wi - w 2 \\. 

By the definition of L UtVt6t k, 

K?y,e,kSu, y ,k{(wi - w 2 ) - (-A + 1 + U(ez))- 1 (/'(«(■ - - W2 ))} (4.21) 

= (wi - w 2 ). 

Combining (14.20b . (14. 21b and ( 14.18b . we deduce that there exists ro > such that if < r < rg, 

< <5 < do, < e < e and fc > I*, then for any (it, y) G A/i t x B^n (0, i?) and tui, w 2 G B t -l (0, r), 

||$u,V,e,fcOl) - *u,tf,e,fe(t«2)|| < ~|K - W 2 \\. (4.22) 

Claim: For any < r < ro, there exist e r , S r and k(5,r) such that if < 5 < 5 r , < e < e r and 
fe > k(S,r), then 



||$ w ,fc(0)|| < r/2, V(u,y)eJ7^xB KN (0,R). (4.23) 
Let /i u ,y,e = (—A + 1 + V(ex))^ 1 f(u(- — y)). It is easy to verify 

hu, v , e = (-A + 1)-V(«(- - y)) - (-A + l)-V(er)/vy, e - (4-24) 
The same argument as (14.15b yields 

limsup{ f V 2 (ex)h 2 u e \ u G 7^~ k , y G B RN (0,R), k > I*} = 0. 
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Thus, by JQ4l as e ->• 0, 



supllK-A + i + ^M)- 1 /^!--?/)) 



-(-A + 1)-7M- - y))|| | u e 77^, y e B R *(0,R), k > P} 

0. 



It follows that as e — > 0, 



sup{||V£ e (u(--y))-VJ(«(--tf))|||«e^^, y£%(0,4 fe > I*} (4.25) 
-> 0. 



Therefore, for < r < r , there exists e r > such that for any u € Hs a ,k, V G -B R « (0, i?) and fc > i*, 

||V£ e M- - 2/)) - VJ(«(- - y))|| < if < e < e r , (4.26) 

where the constant C comes from Lemma |4~T1 Since V J(v(- — y)) = VJ(u) — 0, Vw E /C, we get that 
for any < r < ro, there exists S r such that for any < S < S r and any u £ A^2a(/C), 

||VJK--y))|| < jr. (4.27) 



By (|4~27T > and the fact that (see (I335T ) 



lim TV^C 7V 25 (/C), 



we deduce that there exists r) such that if k > k(5, r), then for any < S < S r and any u G A/^fc, 

||VJ(u(.-j/))|| < jr. (4.28) 
Thus, the claim follows from ( 14.261 1. ( 14.28b and the fact that 

||*w,*(0)ll < ^HV^(u(--y))||. 
Combining (14.221 and ( 14.231 l leads to 

\\^u,y,e,kH\\ < r 



for every w € -B t -l (0, r). Therefore, $ M „ e /. is a contractive mapping in B T ± (0, r). By Banach 
fixed point theorem, there exists unique fixed point ws,k{u, y, e) of $ u ,y,e,k- Denote 8 rQ by 5*, e rQ by e* 
and k(5, ro) by fc(5). It is easy to verify that the conclusions (i) — (iv) hold for ws,k{u, y, e). 

Now, we prove that wg t k ■ Ns,k X B R n (0, R) — > Y is C 1 . For any (uq, yo) £ Ns,k X B^n (0, R) and 
(u,y) close to (u Q ,y ), both S Uo , yo<k \ T x^ k : T^ yk -> T^ oyok and S u , v ,*| t jl ^ : T^ ayok -> 

are isomorphisms, and finding a solution io e Tj- fe to the equation S u>y> k^7E e (u(- — y) + w) = is 
equivalent to finding a solution «; e T^ oyok to the equation S UatVQt kS u ,y,k^ E t (u(- - y) + S Uy y yk w) = 0. 

Note that S' tl0! j /0 ^S' U! j /!fc Vi; e (u(-- + S , u ^^w) is C 1 near (u ,y , w ) e A/j^ x B K « (0, i?) x T^ oyok 
and the Frechet partial derivative of S UOt y ,kS u ,y,kVE e (u(- — y) + S^y^w) at (u , yo, wo) with respect 
to u) is L UOiV0 ^k which is invertible. Therefore, the implicit functional theorem implies that 



W5,k{-, -,e) : A^fe x B m n(0,R) -> Y 

is C* 1 . 

Finally, we give the proof of (v) . Let 

<Pu, v ,e,k = u (- ~ y) +u>s,k(u,y,e) - P Tu k (WE e (u(- - y) +w Sk (u,y,e))), (4.29) 
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where Pt u k : Y — > T UtVtk is orthogonal projection. By the conclusion (ii) of this Theorem, we get that 

Pr u , y , k (V-E e («(- -y) + w 5 , k (u, y, e))) = VE e {u{- -y) + w s , k {u, y, e)). (4.30) 
Thus, by ( |4.29t and ( 14.301 ), <p u ,y,e,k satisfies 

-Aip u>yt€>k + tp u>y>e ,k + V(ex)ip Ut y t€tk = /(«(• -y) + w s ,k(u, y, e)). (4.31) 
By the definition of T UtVtk , we have 

^T„, y , fe (V£ e « -y) + w 5 , k {u,y,e))) 

N s , n C l„.\ u i(--v) 



= ( V ^( M (- - V) + w sAu, y, e)),^2ii(u) 



II, 



(■-y)\ EU&(«) 



dxj 



y) 112 



+ ^](V£ , e (u(- - y) + ws, k (u,y,e)),e i>k (- - y))h,k{- - y) 

i=l 
1 

+ ^(V£ e (u(- - y) + t««,*(«, J/, e)), - y))e,(- - y). (4.32) 
»=i 

Since e^fc, ej, u and satisfy exponential decay at infinity, by ( 14.321 ), for any given k > k(S) and n > 0, 
there exists C' n k > such that 

sup{||(l + \x\) n (P Tu y jVE e (u(- ~ V) +w s Au,y,e))))\\L-yt») 



I u 6 A/^fe, y € S R « (0, JZ), < e < e*} < C' Kn (4.33) 

and 

sup ||(1 + \x\) n u{- - y)\\ L oo {VLN) < C' k>n . (4.34) 

«£A/'a,fc,yeB KN (0,J?) 

Note that (p u ,y,e,k satisfies the elliptic equation ( 14.311 ). Therefore, by the bootstrap argument and the fact 
that 

{w 5 , k (u,y,e}) | ueWk, y G B mN (0,R), < e < e*} 



is compact in Y (because for fixed k, Hs,k is compact), we get that 

sup{||^, 1/ ,e,/ 8 |U-( EJ v ) I u e JTs^k, y G B r n(0,R), < e < e*} < oo (4.35) 

and 



lirr^ sup{ily> U)8/ , e ,fcl 1 l °°qilx\ b kN (o, p )) I M e ^fc> 2/ e B M jv(0,i?), < e < e*} = 0. (4.36) 
By d4~35l d4~36l > and ( f4~29t . we get that 



sup{||w«5 : fe(u,2/,e)|| L oo (R iv) | u G A/j,fc, y G £ k n(0,.R), < e < e*} < oo. (4.37) 

and 



p l™ o Sup{||w (5 ,fc(M,y,e)|| i c 0(R iv\B^^) ) I u G A4, fe , y G S R iv(0,i?), < e < e*} (4.38) 
= 0. 

Let d(t) = f(t)/t, t G R. Then by 637) , d434b and the condition (Fi), we have 



swp{\\d(u(--y)+w 5tk (u,y,e))\\ L o 0(n N ) \ue77^, y£B MN (0,R), < e < e*} (4.39) 
< oo. 
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By the condition (Vo), the condition (Fi) and ( 14.381 ), we deduce that there exists po such that 

inf{l + V(ex) - d(u(x - y) + w s , k {u, y, e)) | |a;| > p , u G Ns,k, 

y G B k n(0,R), < e < e*} > 0. (4.40) 



Let r\ be a cut-off function which satisfies that 77 = 1 in _B R w (0, po) and 77 = in M. N \ B r n (0, po + 1). 
We can rewrite equation (14.3 1 b as 

-Aip. Uiy ^ k + (1 + V(ex) - (1 - i](x))d(u(x — y) + Ws,k(u,y,e)))<Pu,y,e,k (4.41) 

with 

/u,j/,e,fc = d(u(- - y) + w s .k(u,y,e)) ■ u(- - y) 

+t](x) ■ d(u(- -y) + ws,k(u,y,e)) ■ w Stk (u,y,e) 
-(1 - ri(x)) • d(u(- - y) + i«5,fc(u, y, e)) 

x ( u (- - y) - P Tu , y , k (VE e (u(- - y) + itfj lfc (u, 2/, e))). (4.42) 
By (14341 . gjjj, (1439b and the fact that 

r)(x)d(u(- -y) + w Syk (u, y, e)) • Ws, k (u, y, e) 
has compact support, we deduce that there exists C"' fc > such that 

sup ||(1 + Mr/^e.fclU-CR*) < C' k " >n . (4.43) 

By (14.43b . (14.401 1. (14.4 U and J25] Proposition 4.2], we get that there exists C^ k > such that 

sup ||(1 + |a?|) n Vu,» ie ,fc||L-(RJ»f) < Cfc, n . (4.44) 

Then the conclusion (v) follows from d429t . d444b . ( 14331 and d434l □ 
By the conclusion (iii) of Theorem l4.2l we get that 



J(u(- -y) + w 5tk {u, y, 0)) = I(u + 71* (u)), V(«, y) € A^, fe x B R » (0, i?). (4.45) 

In what follows, for a C 1 mapping / defined in Afs, k x i? R w (0, R), we use the the notations Df, D u f 
and D y / to denote the derivatives of / with respect to (it, y) variable, u variable and y variable respectively 
and use Df(u, y)[u, y] to denote the derivative of / at the point (u, y) along the vector (u, y) G X k x M. N . 
Furthermore, we use D u f(u, y) [u] and D y f(u, y) [y] to denote the Frechet partial derivatives with respect 
to the u and y variables along the vectors u and y respectively. 

The condition ( Vi ) for the potential V yields 

lim^^ = Q„.(a;). (4.46) 

The proof of the following proposition will be given in appendix. 
Proposition 4.3. Let 5 > be sufficiently small and k > k(S). If 1 < n* , then 

1 



where 



lirnsup{— A k (u,y,e) | (u,y) G N s , k x B m (Q,R)} = 



A k (u,y,e) = \\w s , k (u,y,e)-ir k (u)(--y)\\ 

+ sup \\Dw Stk (u,y,e)[0,y] - D(w k (u)(- - y))[0,y] 

y£M. N ,\y\<l 

+ sup \\Dws,k(u,y, e)[v,0] ~ D(w k (u)(- - y))[v, 
«ex fc ,||t(||<i 
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Moreover, there exists a constant M > which is independent of (u,y) and e such that for every (u,y) G 
N&.k x B m n(0, R) and < e < e*, 

A k (u,y,e)<Me n \ 
For < S < S* and < e < e*, denote the functional 



E e (u(--y)+w s , k (u,y,e)), (u, y) G Nfi~ X B k n (0, R) (4.47) 

by ^ k {u,y,e). 

Theorem 4.4. Suppose that < 6 < S* and k > k{5). Then there exists > such that ifO < e < e& 
and (u e , y e ) G Ns,k X B k n (0, R) is a critical point of the functional ^k(u, y, e), that is, 

DV k (u e ,y e ,e)[v,y}=0, V(«,y) £l t xK w , (4.48) 

then u e (- — y e ) + ws,k(ue, Vt, e) w a critical point of E e . 

Proof. By the conclusion (ii) of Theorem |4.2| and hypothesis ( 14.481 1, we deduce that to prove u e (- — y e ) + 
wg,k(ue, y e > e) is a critical point of E e , it suffices to prove that for sufficiently small e > 0, 

{«(• - Ve) ~ (y ■ V x u e )(- - y e ) + Dw Syk {u,:,y e ,e)[v,y} | v G X k , y G K w } 
+ r 4i/.,k = Y - ( 4 - 49 > 

If ( |4.491 l were not true, then there exist e„ — > as n — > oo such that K„ ^ Y, where F„ denotes the space 
appeared in the left side of ( 14.49t with e = e n . Passing to a subsequence, we may assume that y tn — > y k 
and u e — > Ufe in y as n — > 00, since {(tt e „, y £ „)} is a bounded sequence in the finite dimensional 
space Xk x M. N . By the hypothesis ( |4.48t and Proposition 14.31 we deduce that u k is a critical point of 
I(v + TTk(v)). Then by the conclusion (iv) of Lemma [3~8~l Uk + 7r/c(wfe) is a critical point of /. We denote 
it by Uk- Since Dnk{uk)v G X and 7^ fc C we get Dirk(uk)vJ-T Uk , where 7^ fc comes from ( 13 .24b . 
Moreover, by Lemma [3~8~l we get that D%k(uk)v G X£-. Thus, 

Dirk(uk)v-LX k ®T Uk = T Ukfl . k . 

It follows that the following subspace of Y : 

{v - yW x u k - yV x TTk(u k ) + DTT k (u k )v \v&X k ,y£ R N } + T^o.fc (4-50) 

is equal to 

{v - yV x u k - yV x ^k{uk) I v G X k , y G t N } + ?^ 0)fe 

= {v - yV x u k I u G Xk, y G R w } + T^ k k . (4.51) 

As it has been mentioned above, ttfc = Uk + ^k{uk) G /C. Therefore, by J3.3K we get that for every 

1<3<N, 



By (ii) of Lemma l3.8l and the fact that every is a Lipschitz function, we deduce that for every 1 < j < 

TV, as fc — > 00, 

»=1 J j=l 

< E^^-^wi-ii^ii^^Eii^-^ii-iiI^-ii^ ' (4 - 53) 

2—1 ^ 1 — 1 ^ 
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where C is the the Lipschitz constant of £j. By ( 14.52t and ( 14.531 1, we obtain that for every 1 < j < N, 



lrmsupll _-^^( Ufc )_ || < c . 



It follows that 



N 



limsup sup \\yV x u k - ^ Vi 



lfil<i 



j=l i=l 



1^1 



Thus, when s is sufficiently small and k is sufficiently large, the space defined by ( I4.511 l is equal to Y. As 
a consequence, when c is sufficiently small and fc is sufficiently large, the space defined by ( I4.501 l is also 
Y. Therefore, the space 



{«(• - j/fc) - (yV x Uk)(- - i/fc) ^ (y^x^k(uk))(- - Uk) + {Dir k (u k )v)(- - y k ) 
\veX k ,yeR N } + T^ ytk 

is equal to Y. Then we can define a bounded linear operator 



(4.54) 



h n ■■ y -> Y, 

w = v(- - y k ) - (yV x u k )(- - y k ) - (yV x 7r fc (u fc ))(- - y k ) + {Dir k {u k )v){- - y k ) + 4> 
' ^ H n (w) = v(- - y e J - (j/V x M en )(- - y e J + Dwg tk {u en , 2/ e „ ,e„)[u, y] + 0, 

where <fr G fe . It satisfies F„ = H n (Y), where Y n denotes the space appeared in the left side of 

(14.49b with e = e n . By u e „ — > life, y e „ — > yfe and Proposition l4.3l we get that asm oo, 

\\H n - id\\ C (Y) ->0. 

Therefore, when n is large enough, H n (Y) = Y. It follows that K„ = Y, which contradicts the assump- 
tion. Thus, when k(S) is large enough and k > k(S), there exists e k > such that if < e < e k , then 
d4~49l holds. □ 



5 Proof of Theorem 1.3 



By the conclusions (iii) and (v) of Theorem l4.2l if u € A/ajt, then Tr k (u) decays exponentially at infinity. 
Therefore, for u € Ns.k and y € R , we can define 



F k (u,y) 



Q n , (x + y)(u + ir k (u)) 2 dx. 



By the same argument as Lemma 3.2 of HI and by ( 14.461 l, ( 14.341 ) and the Lebesgue Convergence 
Theorem, we can get the following Lemma: 

Lemma 5.1. For any given k > k{5), as e — > 0, 

su v\\4^ I V(e{x + y)){u + TTk{u)) 2 dx-T k {u 7 y) \ (u, y) e A^ x B RN (0, R)\ -> 
Lie" 7 R « J 

ant/ 



sup ■ 



{\ D (^J N V ^ X + y ^ u + ^{utfdx - T k (u, y)) [v,y]\\vG X k , \\v\ 
yeR N , \y\ < 1, {u,y) e x B m (0,R)} 0. 



< 1, 
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From now on, for the condition (Vi ), we always assume that AQ n * > and AQ n * ^ in HL N , since 
the proof for the other case is similar. 

Lemma 5.2. If 5 > is small enough, then for any u £ Ns,k> F k (u, •) has a strict local minimum at 
y = and D 2 T k (u, 0) is a positive-definite matrix. More precisely, there exists a constant A k > such 
that 

D 2 y T k (u,0)yy>A k \y\ 2 , Vit G ~Ng^, Vy e R N . (5.1) 

Proof. By Lemma 4.1 of [ 1 ], we know that y — is a critical point of T k (u, ■) for every u £ ATg.k- If ( 15.1b 
were not true, then there exist 8 n > 0, u n C N& n ,k, n = 1,2, - ■ ■ and {y n } C S N ~ X such that S n — > as 
n — > oo and 

lim \D 2 T k (u n ,0)y n -y n \ = 0. (5.2) 

n— ^oo y 

Since (it n , y„) is bounded in the finite dimensional space X k X R^, passing to a subsequence, we may 
assume that u n — > uo in X k , and y„ — > yo E S N ~ X as n — > oo. Let DuT k {u n ,y) be the second 
derivative of r/-(u n , y) with respect to the variable y^ and diag{ -On 0), • • ■ , DMN^k{u n , 0)} be 

diagonal matrix with diagonal elements DiiT k (u n , 0), • • • , DMN^k{um 0). By the appendix of (TJ, we 
get that 

DuTk[u n ,Q) = — / (tt„ + 7T fc (u n ))VQ n .(x) • V(u„ + ir k (u n ))dx, l<i<N. (5.3) 
Therefore, 

D 2 y T k {u ni Q)y n - y n = y^ • diag-t-DiiTfe^, 0), • • • , D NN T k (u n , 0)} • y„ 

= -J^\Vn\ 2 [ {u n +TT k (u n ))\/Q n ,{x) -\/(u n +TT k {u n ))dx 



1 Dn\ 2 [ VQ„.(s) • V(w„ + ir k (u n )) 2 dx 
Jr n 



N 



■jflVnl 2 I -<?» (•'■) ' ("» + W,("„))^/-'- (5-4) 



By ( T5T2T > and ( l5"4l l, we infer that 



lim D 2 T k (u n ,0)y n ■ y n = — \y Q \ 2 / AQ n ,(x) ■ (u + Tr k (u )) 2 dx = 0. 



y m \ — ri 7 ~ j tj it, cf ii t\ r I 

n— )-oo ^ iv 

It is a contradiction, since we have assumed that AQ„» (x) > and AQ„* ^ in l w . □ 

In the rest of this section, we assume that S > is sufficiently small and k > k(5) is sufficiently large 
such that (13.57b holds, where the constant k(5) comes from Theorem l4.2l 

Proof of Theorem ll.3t 



By definition of * fc (u, y, e) (see H4.47fr ). for (u, y) £ Afs,k x B & n (0, i?), 
*fc(«,!/ s e) 

1 If 
= t;\\ u (- - v) + w s,k{u,y,e)\\ 2 + - V(ex)\u(- - y) + ws.k(u,y 7 e)\ 2 dx 



2 

F(u(- -y) + w s ,k(u, y, e))dx 

= \\\ U< C ~y) + w s,k(u,y,0)\\ 2 + ^\\w Sik (u,y,e) - w s ,k(u, y, 0)|| 2 
+ (u(- -y) + w s ,k(u, y, 0),w s . k (u, y, e) - w s , k (u, y, 0)) 



25 



+ o / V{ex)\u{- -y)+w s , k (u,y,0)\ 2 dx 

1 JWL N 

+7; I V( ex )\wsA u > V? e ) - w s,k(u,y,0)\ 2 dx 

+ [ V(ex)(u(- -y) + w S:k (u, y, 0)) • {w S:k (u, y, e) - w s ,k{u, y, 0))dx 
F(u(- - y) + w s ,k{u, y, 0))dx 



where 



/(«(• - V) + wsm(u, y, 0)) • (w s ,k(u, y, e) - w s ,k{ u ' V> °)) dx 
-r]i(u,y,e), (5.5) 

F(u(- - y) + w s ,k(u,y,e))dx - / F(u(- - y) + ws,k(u, y, 0))dx 



/(«(• -y) + w Syk (u, y, 0)) • (ws,k(u, V, e) - i»s,k( u > V' 0))rfa;. 

By Taylor expansion, we deduce that there exists < 9 = 9(x) < 1, Vx G R w such that 

?7iO,y,e) = 7,1 f{u(- -y) + 9w s ,k{u,y,Q) + {l- 9)w 5i k{u,y,e)) (5.6) 
x (w s> k(u, y, e) - w s ,k(u, y, 0)) 2 dx 
By the condition (Fj), Proposition l4.3l and ( 15.6b . we deduce that 

1 



Hmsup{- F |»7i(u,i/,e)| | («, 2/) € x S R « (0, R)} = 0. (5.7) 

Note that for v G X k , y G 1 N , 

£>»7i(w,2/,e)[u,2/] 

-y) + w s , k (u,y,e)) 
x(v(- -y)- y(V x u){- -y) + Dw Syk (u,y,e)[v,y})dx 

f(u(- - y) +w Stk (u,y,0)) 
x(v(- -y)- y(V x u){- -y) + Dw s ,k(u,y,0)[v,y])dx 
/'(«(• ~y)+ w s ,k(u, y, 0)) • (w s> k(u, y, e) - w S; k(u, y, 0)) 

x(v(- -y)- y(V x u){- - y) + Dw Syk (u,y,0)[v,y])dx 
f(u(- - y) +w St k(u,y,0)) ■ (Dw s ,k(u,y,e)[v,y] - Dw s ,k(u,y,0)[v,y)) (5.8) 



Then by the conclusion (iii) of Theorem l4.2l Proposition l4.3l and the condition (Fi), we deduce that 



1 



lim sup{ — I \Drn (u, y, e)| | | (u, y) G 77^ x £ R » (0, R)} = 0. (5.9) 

e-s-0 e" 



Combining ( 15.71 ) and d5.9l ) yields 



1 



]imsup{^(\r]i(u,y,e)\ + \\D m (u,y,e)\\) | (u,»)e% x B R »(0, i?)} = 0. (5.10) 
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By the conclusion (ii) of Theorem |4.2| and the fact that 

ws,k(u,y,e) - w s ,k(u,y,0) € T^ yk , 

we get 

(u(- -y) + ws,h{u, y, 0),w s ,k(u, y, e) - Ws,k{u, y, 0)) 

f(u(- -y) + w s ,k(u,y,Q)) ■ (w s ,k(u,y,e) - w$ ik (u,y,0))dx. (5.11) 



: = h\ws,k(u,y,e) - w s ^{u 7 y,0)\\ 2 + i / V{ex)\w s ,k(u, y, e) - w Sk (u,y, 0)\ 2 dx 



By Proposition |4.3l we deduce that 

m{u,y,e) 

ii. c) — ir > i I ii . ii A )) 1 1 ~ — ^ 

V(ex)(u(- -y) + w Sik (u, y, 0))(w S;k (u, y, e) - Ws,k(u, y, 0))dx 

also satisfies (15.10b . By the conclusion (iii) of Theorem l4.2l we infer that 

J{u{- -y) + w 5 , k (u, y, 0)) = J(u{- - y) + n k (u){- - y)) = I(u + n k (u)). (5.12) 
Finally, by the conclusions (iii) and (v) of Theorem |4.2| and (14.34| i, we have 

V(ex)\u(- - y) + w s ,k(u,y,0)\ 2 dx 

V(ec)(u(- - y) + ir k (u)(- - yjfdx 

-e n T k (u, y) + m(u,y,e), (5.13) 



where 



?k(u,y) = I Q n *(x)(u(- - y) + 7Tfc(u)(- - y)) 2 dx 
Qn*(x + y)(u + n k (u)) 2 dx. 



By Lemma IBTT1 the conclusion (v) of Theorem 14. 21 and ( 14.34b . we deduce that 7/3 satisfies (I5.101 l. By 
(HO]) - (|5TT3|) . we get that 

y, e) = J(u + ir k (u)) + -e"*r fe (w, y) + r)(u, y, e), (5.14) 

where 77 = 7/1 + 7/2 + ?73 satisfies ( 15.101 ). 

By Lemma IBT21 for every u <G Afs,k, ^k(u,y) has a strict local minimum at y = and there is a 
constant A*; > such that 

D 2 y T k (u,0) >A k ld (5.15) 

where Id denotes the N x N identity matrix. By ( 15.151 ) and ( 15. 14k we deduce that there exists e' k > such 
that if < e < e' k , then for every u G Afs.k, there exists y e (u) E £>rn (0, R/2) such that y e (u) is the unique 
minimizer of ^ k (u, ■, e) in _B R w(0, i?). Moreover, by implicit functional theorem, y e {-) € C 1 (Afs, k )- By 
( 15.141 1. we get that 

Um||**(«,y e («),e)-/(« + 7r k (u))|| 01(TO = 0. (5.16) 

By (9] Theorem IV.3], a GM pair is a special kind of Conley index pair which is associated with some 
pseudo-gradient flow of a functional. Therefore, the GM pair (W k , W k ) which was defined in Remark 
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13.1 H is a Conley index pair associated with some pseudo-gradient flow of the functional gk{u) = I(u + 
7Tfc(u)). Then by ( 15.161 1 and Theorem III.4 of [9], we deduce that if e is small enough, then (W k , WC) is 
also a Conley index pair associated with some pseudo-gradient flow of the functional 9 k (-,y e (-), e). By 
(I3.57l i and Theorem 5.5.18 of [8 1, we infer that if e is sufficiently small, then Ve(-), e) has at least a 
critical point u c E Afs.k- Then by Theorem 14.41 u c := u e (- — y c (u c )) + ws.k( u e,Ue(ue), e) is a critical 
point of E e . Moreover, by (15.16b , we have 

lim dist., (u e , JC) = 

e->0 

with JC = JC\. This finishes the proof of Theorem 1 1.3 1 □ 

6 Appendix A 

In this appendix, we shall give the proof of the existence of {e^fe} which satisfies the conditions (i) and 
(ii) in Section|3] 

Since X n Cg°(R N ) is dense in X, for any \x k > 0, we can choose {e,^} cXfl Cg°(R N ) such that 

sup He,,* - e' || < fi k and ||e,-. fe || = 1, 1 < j < k. (6.1) 

i<j<k 

We show that if [ik is small enough, then {ej,fc | 1 < j < k} U {e 3 | 1 < j < q} is linearly independent. 
If it were not true, without loss of generality, we may assume that 

fc-1 q 

Ek,k = ^ OLjBj t k + ^ PjBj, (6.2) 

3=1 3=1 

then 

fc-1 fc-1 q 

3=1 i=i i=i 

It follows that if fx k < 1 /4 V2, then 



1 = 


fc— l 

= ||e fcjfc || 2 = E a i + H 


fc-i 


fe-i 

~ e ;.)ii 2 + 2(X«3 


fc-1 




3=1 


3=1 


3=1 


3 = 1 








fe-l 
















3 = 1 


3=1 


3 = 1 






3 fe_1 




fe-i 

\\^Z a 3^3,k -e'j) 


fc— 1 

|| 2 -8X« 2 He-3,fc-e;-|| 2 




3=i 


3=1 


3 = 1 


3=1 




^ fe-i 

* 2^ 4 










3=1 


3=1 






By (lOt. 


fc-1 


fc-1 








4 = X^" e 3 4 






- (e'k - efc,fc), 




3=1 


3 = 1 


3 = 1 




combining 


; (16. 3K we get that 

fc-i 






fc-i 




1 = ll e feH 2 = 


(ej, fc - e^-, e' k ) + (e' k - e k>k ,e' k ) 


< MfcX l a jl + ^ k 




3=1 






3 = 1 




< (V2k 


+ l)Mfc- 







(6.3) 
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This induces a contradiction if we assume (y 2fc + 1)/Xfc < 1. Thus, {ej lk | 1 < j < k} U {e, | 1 < j < k} 
is linearly independent if \x k < min{l/(v / 2fc + 1), l/4v / 2}- 
BvdOand 

(ej,k,ej', k ) = (e'j + (e j>k - e^), e' r + (e r , k - e'j,)}, (e j>k , e r ) = (e'j + (e j>k - e'j), e r ), 
we get that 

sup \(ej,k,ej',k)\ < 2/ife SU P K^fe, ey)| < [i k . (6.4) 

l<j,f<k,j^j' j^j' 

Therefore, if /i k is sufficiently small, using Gram-Schmidt orthogonalizing process to {e 3 | 1 < j < 
q} U {ej : k | 1 < j < fc}, we get {&j : k | 1 < J < k} which satisfies the conditions (i) and (ii) in Section|3] 

7 Appendix B 

In this appendix, we give the proof of Proposition l4.3l 
Let 

r) Utytk = (-A + l) _1 /(«0 - V) + **(«)(• - y))- 

Then 

Vu, v ,k = (-A + l + V(ex))- 1 f(u(--y) + n k (u)(--y))) 

+(-A + 1 + Viex^Viex)^^. (7.1) 



S Uty>k VE e (u(- -y) + w Stk (u, y, e)) = 



Subtracting equation 
from equation 

S Ut y tk VJ(u(- -y) + TT k (u)(- - y)) = 0, 
by (17. U and the mean value theorem, we get that 

L Ut y tetk (w s , k (u,y,e) - n k (u)(- - y)j 
= -S u>y ,k(-A + 1 + Viex^Viex)!]^^ 

+S u , y , k (-A + 1 + Viex))- 1 ((/>(• -y)+w)- f'(u(- - y))) 

x(w s , k (u,y,e) - 7r fe (u)(- - j/))) (7.2) 

where w lies between ws.k(u, y, e) and 7Tfc(tt)(- — y). By the conclusion (iv) of Theorem l4.2l we get that 
I \ws, k (u, y, e)|| < r if < 6 < S r and k > k(S). And by (ii) of Lemma 13751 we deduce that if k(6) is 
large enough and k > k(8), then ||7Tfc(u)(- — y)\\ < r. Therefore, | \w\ \ < r if < <5 < 5 r and k > k(S). 
Moreover, by ( I4.191 l. we deduce that if r is small enough, < S < S r and k > k(S), then 

|(-A + 1 + Viex))- 1 ((/'(«(■ -y)+w)- /'(«(• - J/)) • Kk(u,l/,e) - 7r*(u)(- - y))) | 
C 

< ^-|k5,fc(M,y,e) - 7Tfc(u)(- - y)||, (7.3) 
where C is the constant appeared in Lemma |4~T1 By (17.3b , (17.2b and Lemma l4~Tl we get that 

C|K, fc («, 1 /,e)-7r fc (u)(--y)|| < 2\\(-A + l)- 1 V(ex) Vu , y , k \\. (7.4) 
By ( 14.34b . the conclusion (v) of Theorem l4.2l and |25, Proposition 4.2], we get that for any n > 0, 



sup{||(l + |x|) n 7/ u , y , fc || i0 a (1R N ) | G AT^x B r n(0,R)} < oo. (7.5) 
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By ( 17.5b . using the same argument as Lemma 3.2 of (TJ, we can get that if i < n*, 

f V 2 (ex) 

lim{ / -4-^ | (u,y)eJ]^X B RN (0, i?)} = 



e->0 

and 



(7.6) 



r V (ex) . 

SU P{/ —&r Lr &,v,k I eVV^x B r n(0,R), 0<e<e*}<w. 



Thus, for t < n* 



limsup{-||(-A + l) -1 V(ex)»^ Vl fc|| | € 77^7 x 5 R «(0,i?)} = (7.7) 



and 



sup{ — ||(^A + l)- 1 V(ex)r 7u , !/ifc || | (u, y) G A/^fe x -Br« (0, R), < e < e*} < oo. (7.8) 
Combining ( 17.4b , ( 17.7b and ( 17.8b yields that for t < n*, if <5 > is small enough and k > fc(<5), then 



\i m {-\\ w ^ k (u,y : e) - n k (u)(- - y)\\ \ {u,y) eTT^ x B m (0, R)} = (7.9) 



and 



s M^rlK,fc(u,2/- e ) - *k(u)(- - 2/) 1 1 I (u,y) e Ns.k x B r n(0,R), < e < e*} 

<oo. (7.10) 

Recall that S UtVi k '■ Y — »• T^ y k is orthogonal projection. Therefore, for h £Y, 

q k 

S u , y ,kh = h-^2{h,e j (--y))ej(--y)-^2{h,e jik (--y))e j>k (--y) 
j=i j=i 

N s „ t („,\ duj 



Thus, the Frechet partial derivative of S u . y .kh with respect to u along the vector u 6 X k is 

j=i x i=i ax J 'II 2^i=iSiWgsjll 
-Z^V^Z^^W^T^-^); [7^5 f . Manila 

x E6(«)^(--»)) (7.1D 

i— 1 ^ 

and the Frechet partial derivative of S Ut y t kh with respect to y along the vector y g is 
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^T{h, {yV x ej)(- - y))ej(- - y) + ^{h, (yV x e jtk )(- ~ y))e jtk (- - y) 

3=1 3 = 1 

q k 

+ ^2(h,ej(- - y))(yV x e i )(- - y) + ^{h, e^ k (- - y)){yV x e^ k ){- -y) 

3=1 3=1 
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i=i i=i ax J II z^=i «W ss; 1 1 

+ Z, ^'.L^fe^ ~ »)/ M^i f.^^ip ■ (7 - 12) 

2=i <=i II 2^i=i ?*Wasjll 

Differentiating equations S u , v , k (VE e (u(- — y) + ws, k (u 7 y, e))) = and 
S u ,y,k(V J(u(- — y) + 7T k (u)(- — y)) = with respect to the variable u along the vector v E X k , we get 
that 

S u ,y, k (V 2 E e (u(- ~y) + ws,k( u i y> e ))( v (- ~y) + Dw s , k (u, y, e)[v, 0])) 
+D u (S u , y , k hi)[v] =0 (7.13) 

and 

S u ,yAV 2 J(u(- -y)+ 7T k (u)(- - y))(v(- -y) + Dir k {u){- - y)[v, 0])) 
+D u (S u>yik h 2 )[v] = 0, (7.14) 

where hi = VE e (u(- — y) + ws ;k (u, y, e)) and h 2 = VJ(u(- — y) + n k (u)(- — y)). By ( 17.1b and (17.3b . it 
is easy to verify that there exists a constant C > such that 

\\hi -h 2 \\< C\\w Stk {u,y,e) - 7Tfc(u)(- - y)|| + C||(-A + l)- 1 ^)^,^. (7.15) 

By (17.15b and (17.11b . we get that for < 1, there exists a constant C > such that 

\\D u (S Uty>k h 2 )[v] - D u (S U! y, k hi)[v]\\ 

< C\\w S;k (u,y,e)-Tr k (u)(--y)\\+C\\(-A + l)- 1 V(ex)r ]u , v , k \\, (7.16) 

A direct computation shows that 

S UyVyk (V 2 E e (u(- - y) + w s>k (u,y,e))(v(- - y) + Dw s , k (u, y, e)[v, 0])) 
-S u ,„, fc (V 2 J(u(- - + 7r fc (u)(- - !/))(«(■ - y) + £>7r fe (n)(- - y)[v, 0])) 
= 5 u ,„, fc (V 2 J(u(- -y) + 7T fc («)(- - y))(£>w 5>fe (u, y, e)[«, 0] - D(7r fc (u)(- - y))K 0])) 

-5 UlVlfc (-A + I)" 1 ! (/'(«(• - y) + w 5>fe (u, y, e)) 

-f'(u(--y)+n k (u)(- -y))) x - y) + Dw 5 , k (u,y, e)[v, 0])| 

+S«,,„,fc(-A + 1)-V(ex)^, a , e , fe (w) (7.17) 

where 

Vu, v ,e,k( v ) = (- A + 1 + - 2/) + y, e))) • («(• - y) + Dwi,k(u, y, e)[v, 0])). 

By (14.34b , the conclusion (v) of Theorem 14.21 and ( 11.2b in (Fi), we get that for any v,h £ Y, \\v\\ = 
= 1, 

/ /'(«(• ~ 2/) + W5,fc(wi 2/, e)) ~ /'(«(• - J/) + 7Tfe(u)(- - y)) 

x|u(- -y) +Dw Syk (u, y, e)[«, 0]| • |ft|da; 

< C\\ws,k(u,y,e)-Tr k (u)(--y)\\. 
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It follows that 

| (-A + l)- 1 ! (/'(«(• - y) + «; tfjfc («, y, e)) 

-/'(«(■ - ») + 7r fc («)(- - y))) x («(. - y) + Du^u, y, e)[«, 0])} 1 1 
< C\\w 5 , k {u,y,e)-K k {u){--y)\\. (7.18) 
By ( EH) , <EB and (|7~T6l) - (jTT8l) . we deduce that 

||S u>2/>fc (V 2 J(u(- - y) + 7T fc («)(- - y))(Dw 5 , k (u, y, e)[v, 0] - D(7r fc (u)(- - »))[«, 0]))|| 
< C|Kfc(u,i/,e) - 7r fc (u)(- - i/) 1 1 + C||(-A + l)-V(ex)r K ,, fc || 

+C||(-A + 1)-Mra0w,k(«)ll- (7.19) 
By the conclusion (ii) of Lemma |3.8| and ( 14. 19b . we deduce that 

Jim sup f ||V 2 J{u{- -y) + n k (u){- ~ y)) - V 2 J{u{- - y))\\c(Y) 

I (u l l/)6^fcXBg»(0,fl)} = 0. 

Therefore, as fc — > oo, 

||^ fe (V 2 J( U (--y) + 7r fc ( U )(.-y))(D^ fc ( U ,y,e)[ V ,0]- J D(^ fe ( U )(--y))[ U ,0])) 

-^, fc (V 2 J( M (--y))( J D W5 , fe (u,y,e)[ W ,0]-^K.( U )(--y))[ U ,0]))|| 

= o(l)\\Dw 5 , k («, y, e) [«, 0] - Bfa («) (• - y)) [», 0] 1 1 . (7.20) 

By d7.19t and ( I7.201 i, we get that as k -> oo, 

||^,fc(V 2 J(u(- - y))(Z>«; 5 , fe ( Ul y, e)[«, 0] - D(n k (u)(- - y))[v, 0]))|| 
< C||u; 4)fc (u,i/,e) - 7r fc (u)(- - y)|| + C||(-A + 1)" V(ea;)^ fc || 
+C||(-A + l)- 1 T/(e 2 ;)77 wfc ( W )|| 

+o(l)||D«j tf , fc («, 1 /,e)[«,0]-D(7r fc («)(--y))[tJ,0]||. (7.21) 

Let T u {- — y) = {h(- — y) | h G 7^} and 7^ (• — y) be the orthogonal complement space in Y, where 
T u is defined in (13.24b . Let Pf±i._ y \ : Y —> 7^ L (- — y) and Pt u (--v) '■ Y 7u(" — 2/) t> e orthogonal 
projections. Since Dws, k (u, y, e)[v, 0]±X k (- - y) and D(n k (u)(- - y))[v,0]±X k (- - y), where X k (- - 
y) = {v(- — y) | v e Xfc}, we deduce that 

P TuH ._ y) (Dw s , k (u,y,e)[v,0} - D{-w k {u){- - y))[v,0]) € T^ y k . 

Therefore, by Lemma l4~Tl we have 

||^, fe (V 2 J( W (--y))P riM ._, ) ( J D U ; 5 , fe ( U ,y,e)[ U ,0]-^(^H(--y))[«,0]))|| 
= ||i«, a ,o,fc^7;- L (--a)( £)u; <5^(w,y, e)[«,0] - Dn k (u)(- - y))[v,0})\\ 

> C\\P TuH ._ y) (Dw s , k (u,y,e){v,0}~D(TT k (u)(--y))[v,0}\\. (7.22) 
Differentiating the following equation with respect to variable u along the vector v, 

ws, k (u,y,e) - n k (u)(- - y)> X] d x — ) = 



i=l 



we get that 



s m( — y) 

D(w Slk (u,y,e) - w k (u)(- - y))[a, 0],^ &(m) 1 — 

i=l i 

ws, k {u,y,e) - Tr k (u)(- - y),^T / (D£ i (u)[v]) Ui{ 



1=1 



dx 



3 
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It follows that there exists a constant C > such that 

\\P Tu{ ._ y) (D(w Stk (u,y,e)-7r k (u)(--y))[v,0])\\ 
< C\\w s , k (u,y,e)-TT k {u){--y)\\. (7.23) 
By (|7.21[) — (|7.23p . we deduce that when k is large enough, then there exists a constant C > such that 

\\D(w s>k (u,y,e) - n k {u)(- - y))[v,0]|| 
< C\\w s , k {u,y,e) - 7r fc (u)(- - y)\\ + C||(-A + l)- l V{ex)ri u , y ^ k \\. 
+C\\(-A + l)- 1 V(ex)fj u<y<e<k {v)\\. 

Then by (|777]l - 10[) and the fact that for t < to, 

lim sup{-||(-A + l)- 1 F(ea;)f? u , a , e , fc (u)|| 

I («,!/)eAVx%pj, v G X fc , ||v|| < l} =0 

and 

su p{^ll(- A + 1 ) _ly ( ex )^ ! ^^fc( u )ll I («^)e^ x ^M, 

u G X fe , < 1, < e < e*} < oo, 

we get that for l < n* , 

lim sup { — WDiwg^iu^ e) - ir k (u)(- - y))[v,0]\\ 

I (u,y) eJ^x B m {0 7 R), u64 H|<l}=0 (7.24) 

and 

1 



sup{ — \\D{w Sjk (u,y,e) - n k (u)(- - y))[v,0]\ \ \ (u,y) G TV^T x S R «(0,i?), 
e" 

w G ||v|| < 1, < e< e*} < oo. (7.25) 

Differentiating the two equations S u>y>k (VE e (u(- — y) + ws, k (u, y, e))) = and 
S u ,y,k(VJ(u(- — y) + TT k (u)(- — y)) = with respect to the variable y along the vector y G R , we get 
that 

S U! y !k (V 2 E e (u(- - y) + w s ,k(u,y,e))(-yW x u(- - y) + Dw Syk (u, y, e)[0, y])) 
+-D a (5' u ,j / ,fefti)[y] = 

and 

S«, a ,fc(V 2 J(u(- - y) + 7Tfc(u)(- - y))(-yVM- -V) + D(ir k (u)(- - y))[0, y})) 
+D v (S Ui y ik h 2 )[y} = 0. 
The same arguments as (17.241 1 and (17.25b yield that for t < n*, 

lim sup { — ||D(n;j fc («,j/, e) - 7rjfe(«)(- - y))[0, y}\\ 

| (u,y) G A/^ x B R »(0,i?), y G R N , |y| < l} = 

and 



sup{— 7 \\D(w Slk (u,y,e) - Tr k (u)(- - y))[0,y}\\ \ (u,y) eA^x B r n(0,R), 
y6l N , |5|<1, 0<e<e*}<oo. 
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